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In the eikonal regime, we analytically calculate quasinormal resonance frequencies for massless
scalar perturbations of the higher-dimensional Reissner–Nordstro¨m (RN) black holes. Remarkably,
we find that the higher-dimensional RN black holes coupled with the massless scalar fields have
the fastest relaxation rates in the Schwarzschild limit, this is qualitatively different from the four-
dimensional case where the black hole with non-vanishing charge has the fastest relaxation rate.
I. INTRODUCTION
The quasinormal mode, which was detected recently
in form of gravitational wave signals [1–3] and has been
investigated for about five decades since the seminal
work [4], is a fascinating object of research in gravita-
tional physics. The quasinormal modes are in fact the
black hole’s reactions to perturbations. Recent inter-
ests related to it can be seen in [5–16] for strong cosmic
censorship (especially for higher-dimensional cases, e.g.,
[17, 18]) and in [19–28] for black hole’s no-hair theorem
(especially for higher-dimensional cases, e.g., [29]).
The uniqueness theorem [30–36] tells us that curved
spacetime described by Kerr-Newman(KN) metric in the
Einstein-Maxwell gravitational theory can hold at most
three global conserved quantities, which are named as
mass, electric charge and angular momentum. Corre-
spondingly, no-hair conjecture [19, 25, 37–42] for black
holes states that static matter field (such as the mass-
less scalar field) perturbations of the black hole in KN
family can not be permanently hold. It means that
once physically proper boundary conditions, which yield
purely ingoing waves at the event horizon of the black
hole and purely outgoing waves at spatial infinity, are set,
the quasinormal resonant modes describing the canonical
family of KN black hole spacetimes against the matter
field perturbations are characterized with decaying fre-
quencies [43–48]. These decaying modes lead to the ab-
sorbing and scattering of the perturbations by the black
hole, resulting in a stationary or static black hole in KN
family.
The boundary conditions at the event horizon of the
black hole and the spatial infinity can determine a set
of discrete quasinormal resonance spectrum functions,
which can be denoted as {ωn(M,Q · · · )}n=∞n=0 , with M,Q
respectively the mass and electric charge of the black hole
[49–54]. The imaginary part of the fundamental resonant
frequency ω0I ≡ ωI(n = 0) embodies information about
the characteristic relaxation time of the composed per-
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turvation field/black hole system by the relation
τ = ω−10I . (1)
For the charged massive scalar perturbation of d-
dimensional Reissner-Nordstro¨m (RN) black hole, we
have obtained that τ becomes infinite under a condition
[2(d− 3)µM ] / [(d− 2)qQ] → 1− (µ and q are individu-
ally the mass and electric charge of the scalar field) in [29]
based on [55], which means that the relaxation rate can
be zero in that extreme condition. For the massless scalar
perturbation of four-dimensional Kerr or KN black hole,
it has been shown that the relaxation rate will decrease
to be vanishing once MT → 0 (T is the temperature of
the black hole) [56–62].
In [63], relaxation rate of the four-dimensional RN
black hole coupled with massless scalar field was investi-
gated. Recognizing that the maximized relaxation rate of
the perturbed black hole in KN family can be reached by
considering a non-rotating one (as the relaxation rate de-
creases with the increasing angular momentum per unit
mass a [64]), [63] analytically gives the relaxation time
for the composed massless scalar field/four-dimensional
RN black hole system in the eikonal regime l  1 (l is
the spherical harmonic index). Moreover, it was found
that the relaxation rate is maximized when Q/M ∼ 0.7.
This result is consistent with numerically calculated ones
[60, 65].
Instead of concerning on the massless scalar field per-
turbation for the four-dimensional RN black hole, we
here will extend the work in [63] to higher-dimensional
case. Intuitively, we may think that the dimensions of the
spacetime do not qualitatively change the result in [63].
However, in the remaining part of the paper we will show
that the dimension of the spacetime has an extraordinary
effect on the relaxation rate. In Sec. II, we will intro-
duce the massless scalar perturbation equation for the
higher-dimensional RN black hole. In Sec. III, we will
analytically derive the quasinormal resonance frequency
of the composed massless scalar field/higher-dimensional
RN black hole system. In Sec. IV, we will give some
closing remarks.
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2II. MASSLESS SCALAR FIELD
PERTURBATION EQUATION OF
HIGHER-DIMENSIONAL RN BLACK HOLE
Using the natural units with G = c = ~ = 1, the d-
dimensional RN black hole can be described by the line
element
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2d−2, (2)
where
f(r) = 1− 16piMr
3−d
(d− 2)Ωd−2 +
32pi2Q2r−2(d−3)
(d2 − 5d+ 6) Ω2d−2
. (3)
Here Ωd−2 = 2pi
d−1
2 /Γ [(d− 1)/2] is the volume of a
(d − 2)-sphere. The electromagnetic field F and gauge
potential A are
Fab = (dA)ab, Aa =
4piQr3−d
(3− d)Ωd−2 (dt)a. (4)
The Klein-Gordon wave equation describing the prop-
agation of a massless scalar field Ψ(t, r,Θ) in higher-
dimensional spacetime reads
OaOaΨ(t, r,Θ) = 0. (5)
Decomposing the scalar field function by spherically har-
monic function through
Ψ(t, r, θ) =
∫ ∑
lm
e−iωt
Rlm(r, ω)
r
d−2
2
Ylm(θ), (6)
where m is the azimuthal harmonic index, and substi-
tuting it into the Klein-Gordon wave equation (5), we
can obtain differential equations of Rlm(r, ω) describ-
ing the radial dynamics and Ylm(θ) describing the an-
gular dynamics for higher-dimensional black hole against
the massless scalar field perturbation. The eigenvalue
that the radial and angular components share is Kl =
l(d+ l−3). Explicitly, the master radial equation can be
written as
f(r)2R′′(r) + f ′(r)f(r)R′(r) + UR(r) = 0, (7)
where
U = ω2− (d− 4)(d− 2)f(r)
2
4r2
−f(r) [(d− 2)rf
′(r) + 2Kl]
2r2
(8)
and ′ denotes derivative with respect to the coordinate r.
Taking advantage of a tortoise coordinate r∗, which is
defined by a differential relation
dr∗ =
dr
f(r)
, (9)
the radial equation (7) can be reduced to an ordinary
differential equation
d2R
dr2∗
+ (ω2 − V )R = 0, (10)
which is Schro¨dinger-like. The radial effective potential
V can be expressed as
V = f(r)H(r), (11)
where
H(r) =
Kl
r2
+
d2 − 6d+ 8
4r2
+
4pi(d− 2)M
Ωd−2rd−1
− 8pi
2(3d− 8)Q2
(d− 3)Ω2d−2r2d−4
.
(12)
The radial wave at the outer horizon r+ of the higher-
dimensional RN black hole must be purely ingoing, and
the radial wave at the spatial infinity must be purely
outgoing. That is to say, the condition
R v
{
e−iωr∗ , r → r+ (r∗ → −∞);
eiωr∗ , r →∞ (r∗ →∞)
(13)
should be affiliated to (10). As a result, we can single out
the quasinormal resonant modes {ωn(M,Q, µ, q, l)}n=∞n=0
characterizing the relaxation dynamics of the massless
scalar fields perturbating the d-dimensional RN black
hole.
III. THE QUASINORMAL RESONANCE
FREQUENCY OF THE COMPOSED MASSLESS
SCALAR FIELD/HIGHER-DIMENSIONAL RN
BLACK HOLE SYSTEM
The event horizon radius r+ of the d-dimensional RN
black hole can be expressed as
r+ =
(
4pi
Ωd−2
) 1
d−3
×
(
2M
d− 2 +
√
4M2
(d− 2)2 −
2Q2
d2 − 5d+ 6
) 1
d−3
,
(14)
from which we can obtain
M2 > (d− 2)Q
2
2(d− 3) . (15)
Then at the position r outside the event horizon, we have
r > r+ >
[
8piM
(d− 2)Ωd−2
] 1
d−3
>
[
8piQ
Ωd−2
√
2(d− 2)(d− 3)
] 1
d−3
.
(16)
As a result, we can know
4pi(d− 2)M
Ωd−2rd−3
<
(d− 2)2
2
, (17)
38pi2(3d− 8)Q2
(d− 3)Ω2d−2r2d−6
<
(d− 2)(3d− 8)
4
. (18)
In the eikonal regime,
l 1, Kl ∼ l2  1, (19)
we further have
H(r) =
Kl
r2
[
1 +
d2 − 6d+ 8
4Kl
+
4pi(d− 2)M
Ωd−2rd−3Kl
− 8pi
2(3d− 8)Q2
(d− 3)Ω2d−2r2d−6Kl
]
∼ Kl
r2
.
(20)
Then the radial effective potential can be approxi-
mately written as
V =
Klf(r)
r2
. (21)
The radial effective potential V in the Schro¨dinger-like
ordinary differential equation (11) acts as an effective
potential barrier. By the derivative with respect to the
coordinate r for the approximate radial effective potential
(21), we can obtain the effective potential’s maximum
value at the point
r0 =
[
4pi(d− 1)M
(d− 2)Ωd−2
[
1 +
√
1− 2(d− 2)
2Q2
(d− 3)(d− 1)2M2
]] 1
d−3
.
(22)
The quasinormal resonance frequency of the composed
massless scalar field/higher-dimensional RN black hole
system can be got by the WKB resonance condition [50]
Q0√
2Q(2)0
= −i
(
n+
1
2
)
+O
(
1
l
)
, (23)
where n is the overtone number,
Q0 ≡ ω2 − V (r = r0) (24)
and
Q(2)0 ≡
d2Q[r(r∗)]
dr2∗
∣∣∣∣
r=r0
. (25)
In order to analytically solve (23), we here consider
the eikonal regime with large spherical harmonic index
l, which leads to an approximation expression (21) for
the radial effective potential (11). Additionally, we re-
quire that the real part of the quasinormal resonance
frequency ωR be much bigger than the imaginary part of
the quasinormal resonance frequency ωI , i.e.,
ωR  ωI . (26)
Furthermore, (23) can be expressed as
ω2 − Klf(r0)
r20
f(r0)
√
2V ′′0
= −i(n+ 1
2
). (27)
The real part of the quasinormal resonance mode for the
composed scalar field/black hole system can be obtained
as
ωR =
√
Klf(r0)
r0
∼ l
√
f(r0)
r0
, (28)
by solving
ω2R −
Klf(r0)
r20
= 0. (29)
Solving
2ωIωR =
(
n+
1
2
)
f(r0)
√
2V ′′0 (30)
yields the imaginary part of the quasinormal resonance
frequency
ωI =
√
2(2n+ 1)r0
√
f(r0)V ′′0
4
√
Kl
. (31)
A dimensionless quantity
Q¯ ≡
√
d− 2√
2(d− 3)
Q
M
. (32)
can be defined and we can know
0 6 Q¯ 6 1 (33)
by considering (15), where Q¯ = 0 corresponds to the RN
black hole’s Schwarzschild limit and Q¯ = 1 corresponds
to extreme RN black hole. Then we can simplify expres-
sions of the quasinormal resonance frequencies. We here
show some explicit imaginary parts of the modes with
M = 1. For d = 4,
ωI(d = 4) =
(
4Q¯2 + x1 − 3
)√−(33−7x1)Q¯2+8Q¯4−9(x1−3)
1−Q¯2
32Q¯4
,
(34)
with
x1 =
√
9− 8Q¯2. (35)
This is consistent with the result in [63]. For d = 5, 6,
we have
ωI(d = 5) =
1
3
√
pi
6
(
3Q¯2 + x2 − 2
)
×
√
(x2 − 3) Q¯2 − 2x2 + 4
Q¯6 − Q¯8 ,
(36)
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FIG. 1. The variation of the imaginary part ωI of the quasinormal resonance frequency with respect to Q¯ for M = 1, n = 0.
TABLE I. The fastest relaxation rate of the composed scalar field/higher-dimensional RN black hole system for M = 1, n = 0.
d 5 6 7 8 9 10
ω¯I(Q¯→ 0) 0.3837 0.6324 0.8222 0.9679 1.0826 1.1748
and
ωI(d = 6) =
32/3 3
√
pi
√(
25x3 − 8 (x3 − 5) Q¯2
) (
8Q¯2 + x3
)
16 25/6 6
√
5− x3Q¯8/3
,
(37)
where
x2 =
√
4− 3Q¯2, (38)
x3 =
√
25− 16Q¯2 − 5. (39)
IV. CLOSING REMARKS
[63] gives an answer to the question that which black
hole in the canonical family of Kerr-Newman spacetimes
coupled with massless scalar field owns the fastest re-
laxation rate. It was analytically found that the Kerr-
Newman black hole with zero angular momentum and
Q¯ ∼ 0.7 has the least relaxation time in the eikonal
regime where the spherical harmonic index l 1. In this
paper, we further think about the relaxation rate prob-
lem in higher-dimensional spacetime. We wonder that
whether or not the property of the relaxation rate for
higher-dimensional RN black hole coupled with massless
scalar field behaves like the four-dimensional counterpart.
First, we have shown the perturbation equation for the
higher-dimensional RN black hole coupled with massless
scalar field, together with physically reasonable bound-
ary conditions both at the event horizon and spatial in-
finity. Then, in the eikonal limit l 1, we have given an
approximate expression for the effective potential of the
composed massless scalar field/higher-dimensional black
hole system. After that, to single out the quasinor-
mal resonance frequency of the system, we have used
the WKB method. Supposing that the imaginary part
is much smaller than the real part for the quasinormal
resonance frequency, we have analytically obtained the
modes, which can be reduced to the result in [63] de-
scribing the four-dimensional case. The obtained quasi-
normal modes as resonance solutions of the Schro¨dinger-
like equation (10) can be expressed as
ω =
l
√
f(r0)
r0
− i
√
2(2n+ 1)r0
√
f(r0)V ′′0
4
√
l(d+ l − 3) . (40)
For the composed massless scalar field/four-
dimensional RN black hole system, one can see
from the left diagram in Fig. 1 that the relaxation rate
first increases with the increasing dimensionless quantity
Q¯ and then climbs up to a maximum value for Q¯ ∼ 0.7
before decreasing steeply.
For the composed massless scalar field/higher-
dimensional RN black hole system, one can see from the
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FIG. 2. The variation of the effective potential with respect to the tortoise coordinate r∗ for M = 1, l = 100.
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right diagram in Fig. 1 that the relaxation rates just monotonously decrease from their maximum values at
6Q¯ = 0 (which corresponds to the higher-dimensional RN
black hole’s Schwarzschild limit) to their minimum val-
ues at Q¯ = 1 (which corresponds to the extreme RN
black hole). This is qualitatively different from the four-
dimensional case. We have listed the value of the imag-
inary part ωI of the dominant fundamental quasinor-
mal resonance frequency (n = 0) in the RN black hole’s
Schwarzschild limit Q¯ → 0 in Table I. The result shows
that higher-dimensional black hole perturbation [51, 66–
75] have characteristics different from the common four-
dimensional one.
The difference between four-dimensional relaxation
rate and higher-dimensional ones stems from characteris-
tics of the effective potentials for the composed massless
scalar field/black hole system as
τ2 ∼ V0
V
(2)
0
. (41)
We show the effective potential in Fig. 2 and the effec-
tive potential’s second-order derivative at the extreme
point r0 in Fig. 3. From Fig. 2, we can see that
the shapes of the effective potentials seem alike for dif-
ferent spacetime dimensions and the extreme values of
the effective potentials increase with increasing electric
charge for all spacetime dimensions. This can not ex-
plain why there are different relaxation rate pattens be-
tween four-dimensional system and higher-dimensional
system. What makes sense can be found in Fig. 3,
where we can see that, for the four-dimensional com-
posed system, the second-order derivative of the effec-
tive potential at the extreme point increases with the in-
creasing electric charge, but the value begins to decrease
when the black hole becomes nearly extreme; for the five-
dimensional system, the curve behaves similarly with the
four-dimensional one, but the increasing part seems to
be gentler and the turning point, after which the value
decreases, appears earlier; for the spacetime dimensions
larger than five, the value of V
(2)
0 decreases monotonically
for increasing Q¯. Considering the behaviors of the effec-
tive potentials in the diagrams, we can understand that
it is the second-order derivative of the effective poten-
tial at the peak that makes the relaxation rates between
the four-dimensional and higher-dimensional composed
massless scalar field/black hole systems different.
Our result is in consistent with the investigation in [76],
where it was found that the oscillation mode of the com-
posed massless scalar field/higher-dimensional RN black
hole system mainly depends on the the maximal height
of the effective potential at the extreme point r0, whereas
the slowly damping mode of the system is mainly affected
by the second-order derivative of the effective potential
at the extreme point r0.
In fact, the quasinormal mode of the composed mass-
less scalar field/spherically symmetric black hole system
in the eikonal limit is related to the circular geodesic
motion of the null particle surrounding the black hole.
The extreme point r0, where the effective potential gets
its maximum value, is just the radius of the null circu-
lar geodesic rc [77]. Correspondingly, the quasinormal
frequency for higher-dimensional RN black hole against
massless scalar field can be expressed as [77, 78]
ω = Ωcl − i
(
n+
1
2
)
|λ|, (42)
where Ωc is the coordinate angular velocity of the circular
null geodesics, λ is the Lyapunov exponent. These two
quantities are respectively related with the orbital time
scale TΩ and instability time scale Tλ by
TΩ ≡ 2pi
Ωc
, Tλ ≡ 1|λ| . (43)
Our finding shows that, considering the variation of the
black hole charge, the instability time scales of the null
particles around the higher-dimensional black holes are
qualitatively different from that of the four-dimensional
case.
For the four-dimensional black hole in the canonical
Kerr-Newman spacetimes, it was found that the one with
vanishing rotation has maximal relaxation rate [57, 60,
62] against the massless scalar field. One may won-
der that whether this result is applicable to the canon-
ical family of higher-dimensional black hole in the Ein-
stein gravity. (Specifically, they are higher-dimensional
(charged) Schwarzschild black hole and Myers-Perry
black holes [79]. Though accelerating black holes [80–
82] are also solutions in Einstein theory, there are no
higher-dimensional counterparts found yet.) The answer,
according to the known work on this, may be positive.
Quasinormal mode of the higher-dimensional rotating
Kerr black hole with a single axis against massless scalar
field was studied, especially for the five-dimensional case
[83] (where there is an upper bound for the rotation pa-
rameter, just like the four-dimensional one) and the six-
dimensional case [75] (where there are no upper bounds
for the rotation parameters and there are no extreme
black holes). It was found that the higher dimensional
rotating Kerr black holes are stable against massless
scalar field perturbations. In [83], it was shown that the
imaginary part of the frequency is negative for the five-
dimensional rotating Kerr black hole against massless
scalar field. According to the numerical results shown
in [75], we can know that, for the fundamental mode
with j = 1 (j is related to the separation eigenvalue of
the radial and angular equations), the imaginary part
of the quasinormal frequency first decreases and then
slightly increases before finally asymptotically approach-
ing to zero, which seems to indicate that the fastest re-
laxation rate can be obtained for a higher-dimensional
rotating black hole with vanishing rotation. Given all
that, we suspect that the higher-dimensional black hole
in the Einstein gravity against the massless scalar field
may get the fastest relaxation rate if its charge or rota-
tion vanishes. However, more investigations are needed
to be done with the scalar field perturbations (also gravi-
7tational perturbation [84–86]) of higher-dimensional Kerr
black holes (with more than one rotating axes).
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